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10,869,917,004,894,316 non-isomorphic (20, 38, 19, 
10, 9)-BIBD’s, 403,880,965,784,264,348 non-isomorphic (24, 46, 23, 12, ll)-BIBD’s, 
9.820,329,245,540,352,000,000 non-isomorphic (28, 54, 27, 14, 13)-BIBD’s, and 
38,029,083,844,041,728,836,746,735,484 non-isomorphic (32, 62, 31, 16, IS)-BIBD’s are 
constructed. 
1. Introduction 
A balanced incomplete block design (BIBD) is a pair (V, B), where V is a v-set 
of elements called varieties and B is a collection of b k-subsets of V, called blocks 
such that each element of V is contained in exactly r blocks and any 2-subset of V 
is contained in exactly A blocks. The parameters of a BIBD are denoted 
(v, b, r, k, A). Trivial necessary conditions for the existence of a (v, b, r, k, A)- 
BIBD are: 
vr = bk, r(k - 1) = A(v - 1). 
Two designs (VI, B,) and (I$, B2) are Lomorphic if there exists a bijection 
8: V,-,V, such that By= BZ, where By indicates that the mapping 8 is to be 
applied to each element of each block of B,. Isomorphism of designs is denoted 
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by (V,, B,) = (V,, B,). An isomorphism 8 of a design D = (V, B) with itself is 
called an auromorphis~. The set of all automorphisms of D forms a group, the 
~uto~norphis)n group of D, denoted Aut(D). It is a subgroup of the symmetric 
group Sym(V), of all permutations of V. 
In recent years, there has been much interest shown in the number of mutually 
non-isomorphic designs on a given parameter set. Much of this interest has been 
stimulated by the tables of Mathon and Rosa [9]. Clearly the parameters 
(4t + 4, 8f + 6,4t + 3,2t + 2,2t + 1) obey the necessary conditions. Also, such 
designs are known to exist for many values of b, see Hall [6]. Much work has been 
done to increase the number of known designs on these parameters for small t, 
see [4], [S], or [lo], for instance. In this paper, we increase the bounds on the 
number of such BIBD’s known for t = 3,4,5,6, and 7. Before we do this 
however, we need to introduce some terminology. Any missing terms can be 
found in Hall [6]. 
A symmetric BIBD, denoted SBIBD, is a BIBD for which v = 6, and 
consequently, r = k. A BIBD is resolvable if there exists a partition R of its set of 
blocks B into subsets called parallel classes each of which partitions the set V; R is 
called a resolution of the design. A t - (v, k, A) design is a BIBD (V, B), in 
which each r-subset of V is contained in exactly 3L blocks. So a (v, b, r, k, A)- 
BIBD is a 2 - (v, k, A) design. The word design will be used in its generic sense, 
denoting any combinatorial configuration of blocks. 
The incidence matrix A of a (v, b, r, k, A)-BIBD is the b x v matrix whose 
entry in the ith row and jth column is 1 if the jth element of V is in the ith block 
of B, and 0 otherwise. The elements of V are usually numbered I, 2,3, . . . , v, 
sometimes with an 00 element. The blocks are always numbered 1,2, . . . , b. The 
dual of a BIBD D = (V, B), with incidence matrix A, is the BIBD with incidence 
matrix A’, the transpose of A. The complemwi; sf D, denoted D, is obtained by 
replacing each block of D by its complement with respect to V. The incidence 
matrix of fi is A. 
A Hadamard matrix is a (1, -1)matrix whose row vectors are orthogonal. If 
the first row and column consists of all l’s, then the matrix is said to be 
normalized. It is always possible to normalize a Hadamard matrix (in several 
ways), since the orthogonality is preserved by multiplying a row or column by - 1, 
or by permuting rows or columns. 
A cyclic design is a design D whose automorphism group contains a cyclic 
subgroup r d Aut(D) which acts transitively on the blocks (that is, any block can 
be mapped to any other). Such a design D can be generated from any one of its 
blocks, say B, by applying the elements of r to it. B is said to be a base block for 
D. 
We can represent a design D = (V, B) by its Levi graph, which is a bipartite 
graph with vertex set V U B in which each vertex i E V is adjacent to all blocks of 
B containing i. We can then use the graph isomorphism program of Kocay [8] to 
compute Aut(D), and a certificate for D. A certificate is a character string which 
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uniquely identifies the design D up to isomorphism, so that isomorphic designs 
will have equal certificates, but a non-isomorphic design will have a different 
certificate from D. We have used the certificates produced by the program of [8] 
to identify isomorphism classes of designs. 
With these definitions, we state and prove in Section 2 theorems which show 
that (4t + :i, 2t + 1, t)-SBIBD’s can be used to construct many mutually non- 
isomorphic (4t + 4,8t + 6,4t + 3,2t + 2,2t + l)-BIBD’s. In Section 3, we discuss 
the case of t = 3 and its history. In Section 4, we do the same for t = 4. Finally, in 
Section 5, we show how to construct a great many non-isomorphic BIBD’s, for 
t = 5, 6, and 7. It is straightforward to check whether the constructions discussed 
can be used for particular values of f. 
2. General results 
In order to produce non-isomorphic (4t + 4,8t + 6,4t + 3,2t + 2,2t + l)- 
BIBD’s from (4t -?- 3, 2.t + 1, t)-BIBD’s, we need to investigate the structure of 
these latter designs thoroughly. First we give the standard construction for these 
designs in the following two lemmas. 
Lemma 1. The existence of a (4t -t 3, 2t + I, t)-design is equivalent o the existence 
of a resolvable (4t -+ 4,8t + 6,4t + 3,2t + 2, 2t + l)-BZBD. 
Proof. Let N be the incidence matrix of a (4t + 3,2t + 1, t)-SBIBD. Then A is 
the incidence matrix of the complement of the SBIBD. It is easily verified that 
($ i), where 1 and 0 are column vectors of all l’s and O’s, respectively, is the 
incidence matrix of a resolvable BIBD. The element corresponding to the 1 
column is often denoted by m. 
Conversely, the incidence matrix of a resolvable BIBD with the above 
parameters can be put in the above form by a suitable permutation of its rows and 
columns, where N is a square matrix of order 4t + 3 having 2t + 1 elements equal 
to 1 in each row and column. Using a result of Hall [6], the resolvable design is 
affine-resolvable, that is, the blocks of N must pairwise intersect in 
(2t + a2 _ l = t 
4t + 4 
elements. So the dual of N, and hence N itself, are (4t + 3, 2t + 1, t)- 
SBIBD’s. 0 
Lemma 2. Zf D1 and D2 are any (4t + 3, 2r + 1, t)-SBIBD’s with incidence matrices 
NI and N2, respectively, then ($ i) is the incidence mairix of a (4t + 4, 8t + 6, 4t + 
3,2t + 2,2t + l)-BIBD. 
Proof. Check the parameters. Cl 
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Any (4t + 4,8t + 6,4t + 3,2t + 2, 2t + l)-BIBD that is constructed from two 
(4t + 3,2t + 1, t)-SBIBD’s Q and O2 in such a fashion will be denoted by D1 6,. 
The next lemma is known but not much evloited. It can be found in Beth, 
Junguickel, and Lenz fl]. We give a self-contained proof. 
Lemma 3. D is a resolvable (4t + 4,8t + 6,4t + 3,2t + 2,2t i- l)-BIBD if and 
only if D is a 3-(4t + 4, 2t + 2, t) design. 
Proof. Consider the blocks of a 3-design D. Let one of them be B. Let Xi be the 
number of other blocks that intersect B in i varieties. Then the following 
equations can be found by counting blocks, elements, pairs of elements, or triples 
of elements in two ways. 
Xxi =8t+5, 
C ixi = 2(2t + 1)(2t + 2)s 
C i’x, = (2t + 1)(2t + 2)*, 
x i”Xi = 2(t + 1)*(2r + 1)(2t + 2). 
Now 
C (i - t)(i - (t + 2))Xi = C i2Xi - (2t + 2)x iXi + t(t + 2)x Xi 
E t* - 6t - 4. (1) 
Also C i(i - t)(i - (t + 2))Xi = -2(2t + 1)(2t + 2) SO that -(t + 1)x,+1 s -2(2t + 
1)(2t + 2), which implies that x,+~ 28t+4 and xi=0 for i#O, t, or t+2. From 
(09 t(t + 2)xrJ -x,+1 = ? - 6t - 4. So for x0 to be an integer, the only solution is 
x0= 1, x,+1 = 8t + 4, and Xi = 0, for i # 0 or t + 1. Since this is true for any block 
of the 3-design, the 3-design is a resolvable (4t + 4, 8t + 6, 4t + 3, 2t + 2, 2t + 1) 
BIBD. 
Now consider the set of equations relating to block intersections of a 2-design. 
They are the same as before, except that the last equation need not hold. 
However the 2-design is resolvable, so x o % 1. Then there is only oue solution to 
the equations, which happens to be the same as before. Now let us count the 
triples of elements, and let one of the elements of the triple be 03, as in Lemma 1. 
Then clearly the triple occurs as often as the A. of the 2-design, i.e., t times. 0 
Corollary 4. The number of non-isomorphic 3-(4t + 4,2t + 2, t) designs i.s equal to 
the number of non-isomorphic, resolvable (4t + 4, 8t + 6, 4t + 3, 2t + 2,2t + lj- 
BIBD’s. 
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Now Bhat [2] has suggested that many non-isomorphic designs Djfii, may be 
obtained by applying permutations to one of the two constituent designs. This we 
plan to do, but first we need some terminology and notation. 
Let D = (V, B) be a BIBD. If o E Sym(V), then D” represents the design 
obtained from D under the action of the permutation o. We will construct designs 
of the form O,&. 
The set of blocks containing element i is denoted D(i). It is called the 
deriu&ve of D at i. The set of blocks not containing i is O(i), the anti-derivutiue 
ef D at _. Also, I)(i) (resp., b(i)) will be the set of blocks of b containing (resp., 
not containing) the element i. If a new element, usually denoted a, is adjoined to 
each block of a set D of blocks, then we define this to be the extended esign D*. 
Two (4t + 3,2t + 1, t)-SBIBD’s, L& and Dz, are said to be compatible if there do 
not exist any i and i such that O,(i)* 2 D*(j), that is, an extended anti-derivative 
in D, is isomorphic to a derivative in the complement of &. It is necessary to use 
the extended anti-derivate, because each block of &(i) contains the point i. 
(Note: D,(i)* = D*(j) implies D&)* = D,,(i), since m= B(i)-) If D1 and D2 
are not compatible, they are said to be incompatible. Two (4t + 3,2t + 1, t)- 
SBIBD’s are said to be agreeable if there does not exist i and i such that 
Dl(i) = Dz(j), i.e., no derivative of D, is a derivative of Oz. 
The following lemma is stated for its intrinsic interest. 
Lemma 5. Any Di@)* is isomorphic to some o,<r>, where Di and Dk are 
(4t + 3,2t + 1, t)-SBIBD’s. (The complement of every anti-derivative k also an 
anti-derivative.) 
Proof. Any (4t + 3,2t + 1, t)-SBIBD can be embedded in a normalized Hada- 
mard matrix of dimension 4t + 4 as follows. Let Ni be the incidence matrix of Di 
wherein all the O’s have been replaced by -1’s. Then if I is a column vector of 
4t + 3 l’s, 
is a normalized Hadamard matrix of dimension 4r + 4. By permuting rows, we 
can create the situation where the first column is all l’s and the second column 
consists of 2t + 2 entries equal to 1 foiiowed by 2.t + 2 entries equal to -1. 
Consider the last 2t + 2 rows of this matrix. If the -1’s are treated as O’s, these 
rows are the incidence matrix of some extended anti-derivative Die)*, and every 
anti-derivative of Dj can be so obtained. Multiply these rows by -1 and 
interchange the first two columns of H in order to renormalize it. This 
complements the blocks of D&*, giving m But since H has been renormal- 
ized, these rows are now the incidence matrix of some D&). Note that Dj and Dk 
are not necessarily isomorphic, as the Hadamard matrix is now normalized on a 
different column. Also, notice that m= Oi(i). q 
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Fig. 1. 
Lemma 6. Let Dj and Di be compatible (4t + 3,2t + 1, t)-SBIBD’s with the same 
variety set V, and let a, t E Sym(V.) If the designs DirSJ’ and DibPr are 
isomorphic, with komorphism 8, then 8 E Aut(Di) and O(w) = Q). 
Proof. Let 8 : Difiy + DiD’f’ be an isomorphism. Then 0 is a permutation of 
VU (00) = V’. If 8 : k+a, where k # m, then from Fig. 2, we see that 8 must 
map the anti-derivative Di(&) to the derivative ~p’(@(~)), which is impossible, 
since Di and Dj are compatible designs. So only O(m) = UJ is possible. It follows 
that Df= Di, i.e., 8 E AUt(Di) •i 
CO~OII~ 7. Let Di and Dj be compatible designs. Then Aut(DiDi)” = AUt(Di) n 
AUt(Dj). 
Theorem 8. Let Di and Dj be compatible (4t + 3,2t + 1, t)-SBIBD’s with the same 
variety set V, and let (7 E Sym(V). Then the number of z E SymjV) such that D,Drp 
and DiDT are isomorphic is 
IAut(Di)I*IAut(Dj)l 
IAut(Di) fl Aut(Di”)( ' 
Fig. 2. 
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Proof. Let 8 : Dir),?-* D&” be an isomorphism. From Lemma 6, we know that 
8 E Aut(Di). It follows that 07” = Dp’, or in other words, to-’ E Aut(D,q, so 
that r E Aut(D,“)@. Now two cosets Aut(D,qB, and Aut(D,qO, are equal if and 
only if &OF1 E Aut(D,q. But since f3,, O2 E AUt(Di), we conclude that 6,&’ E 
Aut(DJ nAut(D,?). Hence, for each coset of Aut(Di) fl Aut(D,T in Aut(D,), 
there are IAut(D,?)l values of r which give isomorphic designs. So for each 
(T E Sym(V), there are 
IAut(D~)I*IAut(Dj)l 
lAut(D,) n Aut(Di”)( 
designs DiDT which are isomorphic to Di&‘. 0 
We now state and prove our two main theorems. 
Theorem 9. If Di and Dj are compatible (4t + 3, 2t + 1, t)-SBIBD’s, then there are 
at least 
I (4t + 3)! IAut(Q)IWWDj)l 1 
non-isomorphic (4t + 4, 8t + 6,4t + 3, 2t f 2,2t + l)-BlBD’s. 
Roof. There are (4t + 3)! permutations o E Sym(V). By Theorem 7, there are 
IAut(Di)l~IAut(Dj)l 
lAut(D;) t-J Aut(Di”)I 
permutations r E Sym(V) for which DiD’p’ is an isomorphic design. In general, we 
do not know lAUt(Di) fl Aut(Di”)l, which could be as small as 1. This gives at 
least 
(4t + 3)! 
choices for cr which produce mutually non-isomorphic designs. Cl 
We will denote by {DiDj} a set of mutually non-isomorphic (4t + 4, St f 6,4t + 
3,2t + 2, 2t + l)-BIBD’s of the form DiD,P with as many designs as possible. 
The previous theorem proves that there are many non-isomorphic (4t + 4,8t + 
6,4t + 3,2t + 2, 2r + l)-BIBD’s. The next theorem shows that this number can be 
increased. 
Theorem 10. Let D1, Dz, D3, D4 be (4t + 3, 2t + 1, t)-SBZBD’s. ff D, and DS are 
agreeable, or if Dz and D., are agreeable, or if D, and D4 are corrzpatible, or if D2 
and D3 are compatible, then D,& is non-isomorphic to D#,. 
166 W. Kocay, G.H.J. van Rees 
proof. Assume that Dir), is isomorphic to D3D4. Let 8 be the isomorphism 
between them. If 0 maps 00 onto 00, then D1 = D3. This contradicts the fact that 
Di and 4 are agreeable. Hence 8 maps CQ in D,& onto k # 00 in DaDa. As in the 
previous theorem, Di( V’(m)) is isomorphic to D,(k) and Di(m) = D.+(k). 
Furthermore, &(R) =&(0-‘(m)), and since &(8-*(a~)) = &(R), then 
&(0-‘(w)) = I&(k). One of the four conditions of the theorem is violated. Hence 
D,& can not be isomorphic to &Da. 0 
3. (lS,7,3)-SBIBD’s and (16,3O,lS, 8,7)-BIBD’s 
Nandi [lo] was the first to find that there are 5 non-isomorphic (15,7,3)- 
SBIBD’s, We will use the designs listed in Bhat and Shrikande [4]. We will also 
use their numbering D1, &, . . . , D5. In this section we will be using Kocay’s [8] 
graph isomorphism program to find isomorphisms between designs. The algo- 
rithm is implemented on an Amdahl 580 and took only a few seconds in total 
CPU time. Table 1 relates the (15,7,3)-SBIBD’s to the order of their 
automorphism groups. 
Table 2 displays the order of the intersection Aut(D,) n Aut(D& of the 
automorphism groups of the pairs of (15,7,3)-SBIBD’s. 
Table 3 relates which Die) are isomorphic to which &(j’) for the (15,7,3)- 
SBIBD’s. In order to shorten the table, we state here that in these particular 
designs, the design D@ with CO added to each block is always isomorphic to 
Q(j). Hence we need only list the isomorphic Die). All designs in the same line 
of the table are isomorphic. 
Next we list which Q(j) are isomorphic to which Di,(j’) in order to tell us 
which desigas are agreeable. Again, all designs listed on one line of the table are 
isomorphic. 
We summarize the information in Table 3 and 4 with the following theorem. 
Table 1 
DesignD 
Dl 
02 
D3 
D1 
DS 
I AWD) I 
168 
96 
168 
576 
20160 
Table 2 
n D1 D2 &i D4 Ds 
DI 168 8 1 8 1 
Dz 8 96 2 8 1 
Ds 1 2 168 1 1 
D4 8 a 1 576 1 
DS 1 1 1 1 20160 
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Table 3 
bo. 
Class i DI($ D&l Ds6) D-I(~) h(i) 
1 1 2 6 7 9 11,12,14 9 I , , 1 
2 3,4,8,10,13,15 3,4,8, :0,13 l-3,6-14 
3 5 15 
4 5 5 4,5,15 1-15 
5 1267911 1 3  I 7 l-4,6-8,11,13 
6 12,14 9,10,12,14,15 
Table 4 
Class i Wi) Mi) Ddi) Wi) b(i) 
1 1267”‘1,12,14 I , 1 ”7- 3,4,8,10,13,15 l-3,6-14 
2 3 , 4 I 5 , 8 1 10,13,15 
3 12 , * 6 1 7 1 9 t 11,12,14 l-4,6-15 
4 5 5 4,5,15 1-15 
Theorem ll. D, and OS, and D, and Ds are the only pairs of agreeable 
(15, 7, 3)-SBIBD’s. Also, they are the only compatible pairs of (15, 7,3)- 
SBIBDk 
Before proceeding, some history of (16,30,15,8,7)-BIBD’s is necessary. Bhat 
and Shrikande [4] constructed 25 (16,30,15,8,7)-BIBD’s by constructing Di~j, 
for i, j E {1,2, 3,4,5}. They found that at least 21 of theni were pair-wise 
non-isomorphic. However they made a mistake in calculating the characteristic 
number of D&, which should have been 44. Hence their claim should have 
been that this list contains only 20 non-isomorphic designs. They also claimed that 
their designs were non-isomorphic to all of the 30 pair-wise non-isomorphic 
designs of Preece [ll]. However, isomorphic copies of the design D& were in 
both lists. Hence the number of known non-isomorphic (16,30,15,8, ?)-RIBD’s 
at that time was 49. 
Again using Kocay’s program, it was found that only the following paiz in the 
list DiDj are isomorphic: 
(1) D,& and D26,, 
(2) DID4 and D&. 
Hence there are 23 pairwise non-isomorphic (16,30,15,8,7)-BIBD’s in Bhat and 
Shrikande’s list. 
Furthermore, the D#; designs are the only possible resolvable 
(16,30,15,8,7)-BIBD’s, and the only possible 3-(16,8,7) designs, so we can 
improve the results in Mathon and Rosa [9] and Beth and Jungnickel [l] by the 
following theorems. 
Theorem l2. The number of non-isomorphic resolvable (16, 30, 15, 8, ‘I)-BIBD’s 
b 5. 
ewzw I3. The number of non-isomorphic resolvable 3-(16,8,7)-designs is 5. 
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We are now ready to 
(16,30,15,8,7)-BIBD’s. 
improve on the number of known non-isomorphic 
Theorem 14. The number 
92,436,200. 
of non-isomorphic (16,30, 15,8,7)-BZBD’s is at least 
Proof. Consider the designs H = {Di&} U {Dld5} U {D3&} U {L&}. Since 
D1 is compatible with O3 and OS, we can state, using Theorem 8, that the 4 sets 
are sets of mutually non-isomorphic designs of sizes 
15! 15! 15! 15! 
168 - 168’ 168 - 20160’ 168 - 168’ and 20160 - 168 ’ 
Since Di is also agreeable with 4 and with Ds, we can use Theorem 9 to state 
that the number of non-isomorphic designs in H is 
2 - 15! 2 - 15! 
28,224 + 3,386,880 
= 92,436,200. 
4. (19,9,4)-SBIBD’s and (20,3fJ, 19,10,9)-BIBD’s 
The (19,9,4)-SBIBD’s were enumerated by Gibbons [5]. There are six 
non-isomorphic (19,9,4)-SBIBD’s. We will use the list and the numbering that 
occurs in Bhat [3]. Again using Kocay’s program [8], we list several useful tables 
as in the previous section. Table 5 _ relates the (19,9,4)-SBIBD’s with the order of 
their automorphism groups. 
Table 6 displays the order of the intersection Aut(D,) tl Aut(Dj) of the 
automorphism groups of Di and 01. 
We mention here that D, and Dz ccxne from one Hadamard m&x, D3 and D4 
from a different Hadamard matrix, and Ds and D6 from a third. Thus we note 
that if the intersection in Table 6 is nontrivial, then the designs are embedded in 
the same Hadamard matrix of order 20. 
Table 6 
Table 5 
DesignD 
DI 
& 
03 
D.1 
D5 
DS 
I ANDI I 
171 
9 
72 
8 
24 
G 
n D1 D2 D3 D4 D5 J&l 
Dl lil 0 1 1 1 1 
J32 9 a 1 1 1 1 
JA3 1 1 72 8 1 1 
D.l 1 1 8 8 1 1 
D5 1 1 1 1 23 2 
DO 1 1 1 1 2 G 
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Table 7 
D:(j) z Bidi) 
38 1-19 
20,23-26,28,30,35,36 
21,22,27,29,31-34,37 
38 
39 
40,42,46,48,50,52,54,56 
41,43,45,47,49,51,53,55,57 
58 
59 
60 
61,63,65,67 
62,64,66,72 
67,69,73,75,97,98,99 
68,70,74,76 
77-80,82-85,87-90 
81,86,91 
92-95 
96,100,105 
101,102,106,107,111,112 
103,104,108,109,113,114 
110 
21,22,27,29,31-34,37 
20,23-26,28,30,35,36 
1-19 
39 
59 
60 
58 
40,42,44,46,48,50,52,54,56 
41,43,45,47,49,51,53,55,57 
61,63,65,71 
68,70,74,76 
67,69,73,75,97,98,99 
62,64,66,72 
96,100,105 
81,86,91 
110 
77-80,82-85,87-90 
103,104,108,109,113,114 
101,102,106,?07,111,112 
92,93,94,95 
Table 7 relates which D&) are isomorphic to which @(j’) for (19,9,4)- 
SBIBD’s. In the table, all designs on the same line are isomorphic. In order to 
save space, Oi@) is represented by the integer 19(i - 1) +j on the left side, and 
hi(j) is represented by the integer 19(i - 1) + j on the right side of the table. 
We sumsnarize the information in Tables 5-7 with the following theorem. 
Theorem 15. The following are the incompatible pairs of (19, 9, 4)-SBIBD’s. 
D, with D2, 
D2 with D1 and D2, 
D3 with D3 and D4, 
D4 with D3, D4, and DG, 
D5 with D5 and D6, 
D6 with D4, D5, and D6. 
The other pairs are compatible. 
Table 8 shows which D&) are isomorphic. Again, designs on the same line are 
isomorphic. 
This information can be summarized in the following theorem. 
Theorem 16. The following (19,9, 4)-SBIBD pairs are not agreeable. 
D1 with D2, 
D3 with D4 and D5, 
D4 with D6, 
D5 with D6. 
All other pairs of designs are agreeable. 
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Table 8 
Class Dl(i) Dz(i) Ds(i) 
1 1-19 19 
D-G) Da(i) De(i) 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
I-18 
1 
2-18 (evens) 2 5,10,15 
3-19 (odds) 3 
418 (evens) 2,374 
5-19 (odds) 
l-4,6-9,11-14 1,5,10 
16-19 15 
6-9,11-14,16-19 
Before proceeding, some history of the (20,38,19,10,9)-BIBD’s is in order. 
Bhat [3] constructed the 36 designs DiDj and found that if i #j, then the designs 
were not isomorphic, except possibly for D,&, and &&. Indeed, these two 
designs are not isomorphic. She also found that DrL)i and I@, were non- 
isomorphic to the other designs. This is also true for the pair D3& and D4B4, 
and for the pair 05& and &&. Again, she could not tell if the pairs of designs 
were isomorphic or not. It turns out that each pair is isomorphic, so that there are 
33 non-isomorphic designs constructed in this fashion. 
Again sharpening the Mathon and Rosa [9] tables, we state the following 
theorem. 
Theorem 17. The number of non-homorphic resolvable (20, 38, 19, 10, 9)- 
BZBD’s is 3. 
Applying Corollary 4, we get the following theorem. 
Theorem 18. The number of non-isomorphic 3-(20, 10,9)-designs is 3. 
We are now ready to improve on the number of known non-isomorphic 
(20,38,19,10,9)-BIBD’s. 
Theorem 19. The number of non-isomorphic (20,38, 19, 10,9)-BZBD’s is at least 
10,869,917,OQ4,894,316. 
Proof. Consider 
{D$,) U {D& U {DI&) U {D$,) U {Q&J U {&&) U VU%,) 
u {DA%) u{Dz&) u {D&l U {DJ%) U {Q&l U UIJ%l U {&~I> 
U {D&} U {OS&} U (D& U {De&} U {Db&} U {D&}. 
Using Theorem 8, we see that each set {DiDj} has Di and Dj compatible, and 
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hence there are at least 
19! 
IAut(Dt)I . IAut(Dj)I 
nnn-&mfimr&- dpc:nnc in each set. Applying Theorem 10, we see that no two ..“11 .Y”.U”I~...” “w”.b”-
designs from different sets are isomorphic. Therefore, the number of non- 
isomorphic (20,38,19,10,9)-BIBD’s is at least 
27871 
= 19! - 
311904 
= 10,869,917,004,894,316. D 
5. (4t + 4,8t + 6,4r + 3,Zt + 2,2r + l)-BIBD’s, for t = $6, and 7 
First, some history; Ito, Leon, and Longyear [7] found that there are at least 
129 non-isomorphic (24,46,23,12,11)-BIBD’s. Tonchev [ll] found 4 non- 
isomorphic (28,54,27,14,13)-BIBD’s, while Bhat and Shrikande [4] found 20 
non-isomorphic (32,62,31,16,15)-BIBD’s. Our approach to finding many more 
d these designs is to examine the cyclic (4t + 3, 2t + 1, t)-SBIBD’s that are listed 
in the back of Hall’s book [6]. W e need then only check that he extended 
anti-derivative of the cyclic design is not isomorphic to the derivative of the 
complement of the design. If they are non-isomorphic, then Theorem 9 can be 
applied. This is how we obtain the following. 
Theorem 20. The number of non-isomorphic (24,46,23, 12, 11)-BIBD’s is at 
least 
403,880,965,784,264,348. 
Proof. Let D be the design with base block (1,2,3,4,5,7,9,10,13,14,17,19) 
which is developed modulo 23. Then the extended anti-derivative of D is not 
isomorphic to the derivative of 6. Also, ]Aut(D)] = 23 x 11 = 253. Appiy 
Theorem 9. 0 
Theorem 21. The number of non-isomorphic (28,54,27, 14, 13)BIBD’s is at 
least 
9,820,329,245,540,352,000,000. 
Proof. Let D be the design with base block 
[(O, 0, l), (LO, O), (1,2, O), (1, 1,1),(2,0,2), (1, 1, O), (l,O, 2) 
(0,2, O), (0,2, l), (L2, l), (2,1,1), @, 2,2), (292, m 
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which is developed modulo (3,3,3). Then its extended tin&derivative is not 
isomorphic to the derivative of L% Also (Aut(D)I = 27 X 13 X 3 = 1053. Apply 
Theorem 9. 0 
Theorem 22. The number of non-komorphic (32,62,31, 16, I5)-BZBD’s is at 
least 
38,029,083,844,041,728,836,746,735,484. 
Proof. Let D be the design with base block (1, 2, 4, 5, 7, 8, 9, 10, 14, 16, 18, 
19, 20, 25, 28), which is developed modulo 31. Then its extended anti-derivative 
is not isomorphic to the derivative of 6. Further, since IAut(D)I = 31 x 15, we 
can apply Theorem 9 to obtain the result. Cl 
These last three theorems lead us to ask the following question. 
Question 23. Do there exist any cyclic (4t + 3, 4t + 3, 2t + 2, 2t + 1, t)-SBIBD’s, 
where t > 3, whose extended anti-derivative is isomorphic to a derivative of the 
complement? 
Comment. The restriction t > 3 is included, because for t = 1, 2, and 3, the 
extended anti-derivative of the cyclic design is isomorphic to the derivative of the 
complement of the design. 
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